This paper use Parseval's theorem on Fourier series to solve the equation e τ = q for τ a Laurent series in q. It then states, as a conjecture, an extension of this result to knots. The extension is that the VassilievKontsevich invariants of a knot can be lifted to convergent sums of knots in such a way that each knot is isotopic to the sum of its Vassiliev-Kontsevich invariants. The proof of such a result seems to require a Plancherel theorems for braid groups.
Introduction
This paper establishes a connection between Parseval's theorem for Fourier series and the Vassiliev-Kontsevich (VK) invariants of knots and braids. In particular, it suggests that a Plancherel theorem for braid groups is a crucial component in any proof that the VK invariants distinguish non-isomorphic knots, which is a major outstanding problem in the area. This paper has two main parts. First we construct a Laurent series τ associated with ln q and show that, when properly understood, the equation
holds. The proof of this result relies on Parseval's theorem for Fourier series. Secondly, based on the previous section we formulate a conjecture on the Vassiliev-Kontsevich invariants of knots and braids. Some prior knowledge of VK theory would be most helpful here.
The preprint [2] contains earlier work of the author on this problem.
2 Solving e τ = q
In this section we find a Laurent series in q that solves e τ = q, and in the next we relate this to the VK invariants for braids on two strands. Throughout we will write p = q −1 . At least formally we can write τ = ln q. We now apply
to obtain τ = ln(1+q)−ln(1+p). Next we substitute ln(1+q) = q−q 2 +q 3 /3−. . . and similarly for ln (1 + p) . This leads us to:
Our task now is to prove that e τ = q. This is not as easy as saying τ = ln q and therefore e τ = e ln q = q. For example, a similar formal argument gives
which is an even function of q. But this is absurd, as q is an odd function of q.
(How can e even function be an odd function?) However, recall that the Taylor series for ln(1 + z) is absolutely convergent only for |z| < 1, and similarly ln(1 + 1/z) for 1 < |z|. Thus, the the Laurent series τ (z) is nowhere absolutely convergent. This prevents us from arguing about τ as we just tried to do.
Instead, we will think of τ as a point in L 2 (Z), the Hilbert space of squaresummable doubly-infinite series. We will not think of τ as a function of a complex variable. We can now state:
This is a shorthand for saying first that the convolutions τ, τ 2 , τ 3 , . . . all lie in L 2 (Z) and second that the sum 1 + τ + τ 2 /2! + . . . converges to q ∈ L 2 (Z). To prove this result we use Fourier series and Parseval's theorem.
For any function f defined on [−π, π] we as usual let
denote the n-th complex Fourier coefficient of f . For the function f (θ) = θ we have
θ dθ = 0. Thus, as a series τ is the Fourier transform of iθ.
We can extend this result as follows (the proof will come later). For ψ in L 2 (Z) we use c n (ψ) to denote the value at n, which we also interpret as the coefficient of q n .
Proof of Theorem 2. The algebraic part of the proof, which relies on Theorem 3, is
and hence c 1 = 1 and c n = 0 otherwise. The analytic part is that the sumintegral is absolutely convergent and so, by Fubini's theorem, we can perform the integration first (which then allows us to simplify the sum).
Proof of Theorem 3. We rewrite the result to be proved as
and apply Parseval's theorem (and an induction hypothesis), which tells us that the right hand side is equal to
and as c k (iθe −inθ ) = c −k+n (τ ) the result follows.
Refined Vassiliev-Kontsevich invariants
Let V denote the vector space which has as basis all isotopy classes of knots in R 3 . In 1993 Vassiliev [3] defined 'knots with double points' and proved:
Theorem 4. Let V n denote the subspace of V spanned by the 'unpacking' of knots with n double points. Then
is a filtration of V with finite dimensional quotients. Moreover, V n #V m ⊆ V n+m , where # is the connected sum operator on knots, extended to V .
Thus, for each k ∈ V the residue of k in V /V n+1 is a knot invariant taking values in a finite dimensional vector space. However, these residues are not independent: the n-residue can be computed from the m-th, for n < m. Let V n = V n /V n+1 , which is the new data available at each step. In 1995 Kontsevich and Bar-Natan [1] proved:
Theorem 5. There are operators Z n : V → V n such that
Kontsevich constructed Z using an explicit (and complicated) iterated integral. The existence of Z suggests that V has additional structure that does not show in the Vassiliev filtration. This we will explain by analogy. Let R denote a local ring at some point p on a manifold M , and I the maximal ideal (of functions non-zero at p). The Vassiliev filtration is analogous to R ⊇ I ⊇ I 2 ⊇ . . .. Now suppose we have coordinate functions C = {x 1 , . . . , x d } at p. Because M is a manifold, C generates I and its residues are a basis for I/I 2 . Similarly C 2 = {x i x j } generates I 2 and its residues are a basis for I 2 /I 3 and so on. Now let f be in R. Then the congruence (using multi-index notation)
has unique solutions for coefficients f J (in the field M/I). The numbers f J are analogous to the Kontsevich invariants Z n (k), except that the Z n (k) are vectors, not numbers. To fix this, let W be the span of C, and similarly for W 2 etc. Once this is done there are unique functions
holds. We now have the analogy. The existence of Kontsevich invariants, together with the analogy, suggests that we can find complements W n to V n ⊆ V n+1 that, so to speak, lift the Kontsevich invariants from V n to W n . (We will also want W r #W s ⊆ W r+s .)
Further, if R is a ring of analytic functions then the 'power-series' expansion of f determined by the coordinates C converges to f . For (isotopy classes of) knots the analogous statement is that each knot is equal to the sum of its lifted Vassiliev-Kontsevich invariants.
Braids also have VK invariants. For q a generator of P 2 ∼ = Z we have Z n (q) = t n /n!. This motives the equation e τ = q, which we solved in the previous section. Note that to do this we passed to the L 2 completion. We now formulate a conjecture that corresponds, for knots, to the result we proved earlier for P 2 . 
